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Last Lecture

@ What is an exponential family distribution?

® Does a Bernoulli distribution belongs to an exponential family?

© What is a curved exponential family?

® What is an obvious sufficient statistic from an exponential family?
® When can the sufficient statistic be complete?

Visit http://www.polleverywhere.com/survey/laGysmUTS to respond
online.
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000000000000

Theorem 6.2.25

Suppose Xi, -+, X, is a random sample from pdf or pmf fx(z|6) where
k
Fx(218) = h(z) () exp | > wy(6) ()
j=1

is a member of an exponential family. Then the statistic 7(X)

TX) = (D a(Xp), -, > t(X))
j=1 J=1

is complete as long as the parameter space © contains an open set in R*
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Exponential Family Example

Problem

X, , X, G (1, 02). Determine whether the following statistics are
whether (1) sufficient (2) complete, and (3) minimal sufficient.

Ti(X) = <Z Xi, ZXf) , Ta(X) = <)_(> sx = (Xi— X)?/(n— 1))
= =

=1
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Exponential Family Example

Problem

X, , X, L (p,0?). Determine whether the following statistics are
whether (1) sufficient (2) complete, and (3) minimal sufficient.

Ti(X) = <Z Xi,ZXZQ-) , Ta(X) = <X, sx = (Xi— X)?/(n— 1))
= =

=1

How to solve it

= Decompose fx(z|u, o) in the form of an an exponential family.

v
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Exponential Family Example

Problem

X, , X, L (p,0?). Determine whether the following statistics are
whether (1) sufficient (2) complete, and (3) minimal sufficient.

Ti(X) = <Z Xi,ZX?) , Ta(X) = <X, sx = (Xi— X)?/(n— 1))
= =

=1

How to solve it

= Decompose fx(z|u, o) in the form of an an exponential family.

= Apply Theorem 6.2.10 to obtain a sufficient statistic and see if it is
equivalent to or related to T1(X) and Ta(X).

v
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Exponential Family Example

Problem

X1, ., X, L N (11, 0?). Determine whether the following statistics are
whether (1) sufficient (2) complete, and (3) minimal sufficient.

Ti(X) = <Z Xi,ZX?) , Ta(X) = <X, sx = (Xi— X)?/(n— 1))
= =

=1

How to solve it

| |
N

= Decompose fx(z|u, o) in the form of an an exponential family.

= Apply Theorem 6.2.10 to obtain a sufficient statistic and see if it is
equivalent to or related to T1(X) and Ta(X).

= Apply Theorem 6.2.25 to show that it is complete.

y
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Exponential Family Example

Problem

X1, ., X, L N (11, 0?). Determine whether the following statistics are

whether (1) sufficient (2) complete, and (3) minimal sufficient.

Ti(X) = <Z Xi,ZX?) , Ta(X) = <X, sx = (Xi— X)?/(n— 1))
= =

=1

How to solve it

| |
N

= Decompose fx(z|u, o) in the form of an an exponential family.

= Apply Theorem 6.2.10 to obtain a sufficient statistic and see if it is
equivalent to or related to T1(X) and Ta(X).

= Apply Theorem 6.2.25 to show that it is complete.
= Apply Theorem 6.2.28 to show that it is minimal sufficient.

y
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Exponential Family Example

Problem

X1, ., X, L N (11, 0?). Determine whether the following statistics are

whether (1) sufficient (2) complete, and (3) minimal sufficient.

Ti(X) = <Z Xi,ZX?) , Ta(X) = <X, sx = (Xi— X)?/(n— 1))
= =

=1

How to solve it

| |
N

= Decompose fx(z|u, o) in the form of an an exponential family.

= Apply Theorem 6.2.10 to obtain a sufficient statistic and see if it is
equivalent to or related to T1(X) and Ta(X).

= Apply Theorem 6.2.25 to show that it is complete.
= Apply Theorem 6.2.28 to show that it is minimal sufficient.

y
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Applying Theorem 6.2.10
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Applying Theorem 6.2.10

where

'U)Q 0) — 2;.2
ti(z) ==
tg(l‘) = I2
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Applying Theorem 6.2.10

where
( h(z) =1
C(0> 27r1cr2 exp <_2 22)
wi(0) = p/o’
w2(0) = ﬁ
ti(z) ==
tg(l‘) = I2

By Theorem 6.2.10,

(Z?:l tl(Xi), Z:}L:l tQ(Xl)) = (Z?:l Xl, Z:}L:l Xf) = Tl(X) is a sufficient
statistic
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Applying Theorem 6.2.25. and Theorem 6.2.28

A = {(w(0),u2(8)): 0 c R?}

1
= {M 'MGR,O’>0}

02’ 202°
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Applying Theorem 6.2.25. and Theorem 6.2.28

A = {(w(0),u2(8)): 0 c R?}

1
= {M 'MGR,O’>0}

02’ 202°

Contains a open subset in R?, so T1(X) is also complete by Theorem
6.2.25.
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Exponential Family
000080000000

Applying Theorem 6.2.25. and Theorem 6.2.28

A = {(w(0),u2(8)): 0 c R?}

1
= {M 'MGR,O’>0}

02’ 202°

Contains a open subset in R?, so T1(X) is also complete by Theorem
6.2.25. By Theorem 6.2.28, T;(X) is also minimal sufficient.
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Connecting T2(X) to T1(X)

(X)) = (zn: X,-,iX?)
=1 =1

T2(X) = (7(753()
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Connecting T2(X) to T1(X)

Ti(X) = (i Xhiﬁ)
Fy

T2(X) = (7(753()

T A
Y iz_zii:l i/n = go(T1(X))

——
o >
I
\g|
il ¥
§ A
ES
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Connecting T2(X) to T1(X)
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Connecting T2(X) to T1(X)

i (Xi=X)® Y, X?Z_Zlizl X2/n _ 92(1-1()())

Yo Xi=nX = g 1 (Ta(X))
S X2 = (n— 1)k — nX = g5 (Ta(X))

Therefore, To(X) is an one-to-one function of T;(X), and also is

sufficient, complete, and minimal sufficient.
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Example of Curved Exponential Family

Problem

X1, , Xy g (i, 1?). Determine whether the following statistic is
whether (1) sufficient (2) complete, and (3) minimal sufficient.

T(X) = (i Xi, i X%)
=1 =1
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Example of Curved Exponential Family

Problem

o0, iy (p, u?). Determine whether the following statistic is

whether (1) sufficient (2) complete, and (3) minimal sufficient.

T(X) = (zn: X, zn: X%)
=1 =1

How to solve it

= Decompose fy(z|p) in the form of an an exponential family.

= Apply Theorem 6.2.10 to obtain a sufficient statistic and see if it is
equivalent to or related to T(X)

= Apply Theorem 6.2.25 to see if it is complete.
= Apply Theorem 6.2.28 to see if it is minimal sufficient.

y
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Applying Theorem 6.2.10
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Applying Theorem 6.2.10

where
h(z) =1
1
c(p) oru2 €XP (_2)
wi(p) =1/ "
w2(:UJ) = T2
ti(z) ==
tg(x) = £C2
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Exponential Family
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Applying Theorem 6.2.10

where
h(z) =1
c(p) oru2 €XP (_2)
wi(p) =1/p
w2(:UJ) = _QiQ
ti(z) ==
tg(x) = 562

By Theorem 6.2.10,

O a(Xa), Yo, k(X)) = (Z?Zl X >0y X?) = T(X) is a sufficient
statistic for u
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Applying Theorem 6.2.25.

A = {(wn(p), wa(p) : p € R}

11
_ ,_;MGR}
{u2 2u2
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Applying Theorem 6.2.25.

A = {(wn(p), wa(p) : p € R}

11
_ ,_;MGR}
{u2 2u2

A does not contains a open subset in R?, so we cannot apply Theorem
6.2.25. We need to go back to the definition
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Is T(X) =", Xi, >.r Complete?
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Is T(X) = (X0, X;, Y8, X7) Complete?

n
E ZXZ- = nu
=1
n
E\) X} = nE(X])
=1
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Is T(X) = (X0, X;, Y8, X7) Complete?

E(éﬁ) = nE(X?)

~ [E(Xi)2 + Var(X;)
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Is T(X) = (X0, X;, Y8, X7) Complete?

E<zx> _—
E(éﬁ) = nE(X?)

~ [E(Xi)2 + Var(X;)

= n(p?+ p®) =20y
Note that "7 | X; ~ N (nu, nu?).
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Is T(X) = (X0, X;, Y8, X7) Complete?

E<zx> _—
E(éﬁ) = nE(X?)

~ [E(Xi)2 + Var(Xi)}

= n(p?+ p®) =20y
Note that "7 | X; ~ N (nu, nu?).
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Exponential Family
000000000800

Is T(X) = (X0, X;, Y8, X7) Complete?

E<zx> _—
E(éﬁ) = nE(X?)

~ [E(Xi)2 + Var(Xi)}

= n(p?+ p®) =20y
Note that "7 | X; ~ N (nu, nu?).

|| - ()

=1
= (np)® + np® = n(n + 1)p?
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Is T(X) = (321, X;, % | X7) Complete? (cont'd)

Define

ST g<z Xi,zxf-)
=1 =1
SrLXT (O, X))

2n n(n+1)
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Is T(X) = (321, X;, % | X7) Complete? (cont'd)

Define

ST g<z Xi,zxf-)
=1 =1
SrLXT (O, X))

2n n(n+1)

BT — 2Em ) BEL )

o2 n(n+1)p? 0
- 2n n(n+1)

for all u € R.

Hyun Min Kang Biostatistics 602 - Lecture 08 February 5th, 2013 12 / 24



Exponential Family
000000000080

Is T(X) = (321, X;, % | X7) Complete? (cont'd)

Define

ST g<z Xi,zxf-)
=1 =1
SrLXT (O, X))

2n n(n+1)
BT — 2Em ) BEL )

o2 n(n+1)p? 0
- 2n n(n+1)

for all u € R. Because there exist g(T) such that E[T|u] = 0 and
Pr(¢(T) =0) <1, T(X) is NOT complete.
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Is T(X) = (321, X3, Y% | X7) Minimal Sufficient?

fx (X[ — exp DY i T 4 D T Y Yi
Fx(ylu) 2u° p
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Is T(X) = (321, X3, Y% | X7) Minimal Sufficient?

fx (X[ — exp [2?1 Vi 2 4 D T Y Yi
Fx(ylu) 2u° p

The ratio above is a constant to y if and only if

{ 22:1 95% = Z}Z:l yz2‘
D1 T =D Y
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Is T(X) = (321, X3, Y% | X7) Minimal Sufficient?

fx (X[ — exp [2?1 Vi 2 4 D T Y Yi
Fx(ylu) 2u° p

The ratio above is a constant to y if and only if
{ 22:1 7= Z}Z:l v
Dol T =D i Y

which is equivalent to T(x) = T(y). Therefore, T(X) is a minimal
sufficient statistic.
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Summary of Sufficiency Principle

= Model : P = {fx(z]0),0 € 2}
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Summary of Sufficiency Principle

= Model : P = {fx(2]0),6 € Q}
= Statistic : T'= T(X) where X = (X3,---, X,,).
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Summary of Sufficiency Principle

= Model : P = {fx(2]0),6 € Q}
= Statistic : T'= T(X) where X = (X3,---, X,,).

Sufficient Statistic

Contains all info about 8
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Summary of Sufficiency Principle

= Model : P = {fx(2]0),6 € Q}
= Statistic : T'= T(X) where X = (X3,---, X,,).

Sufficient Statistic

Contains all info about ¢

Definition fx (x| T(X)) does not depend on 6
Theorem 6.2.2 fx(x|0)/qr(T(X)|0) does not depend on 6
Factorization Theorem fx(x|6) = h(x)g(T(X)|0)
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Summary of Sufficiency Principle

= Model : P = {fx(2]0),6 € Q}
= Statistic : T'= T(X) where X = (X3,---, X,,).

Sufficient Statistic
Contains all info about ¢
Definition fx (x| T(X)) does not depend on 6
Theorem 6.2.2 fx(x|0)/qr(T(X)|0) does not depend on 6
Factorization Theorem fx(x|6) = h(x)g(T(X)|0)
Exponential Family (3>°7 ; t1(Xi), -+, Yy (X)) is sufficient
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Summary of Sufficiency Principle (cont'd)

Minimal Sufficient Statistic

Sufficient statistic that achieves the maximum data reduction

Hyun Min Kang Biostatistics 602 - Lecture 08 February 5th, 2013 15 / 24



Review
0O®00000000

Summary of Sufficiency Principle (cont'd)

Minimal Sufficient Statistic

Sufficient statistic that achieves the maximum data reduction
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Summary of Sufficiency Principle (cont'd)

Minimal Sufficient Statistic

Sufficient statistic that achieves the maximum data reduction

Definition T'is sufficient and it is a function of all other sufficient
statistics.
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Summary of Sufficiency Principle (cont'd)

Minimal Sufficient Statistic

Sufficient statistic that achieves the maximum data reduction

Definition T'is sufficient and it is a function of all other sufficient
statistics.
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Summary of Sufficiency Principle (cont'd)

Minimal Sufficient Statistic

Sufficient statistic that achieves the maximum data reduction

Definition T'is sufficient and it is a function of all other sufficient
statistics.

Theorem 6.2.13 fx(x|0)/fx(y|f) is constant as a function of § «<—

T(x) = T(y)
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Summary of Sufficiency Principle (cont'd)

Minimal Sufficient Statistic

Sufficient statistic that achieves the maximum data reduction

Definition T'is sufficient and it is a function of all other sufficient
statistics.

Theorem 6.2.13 fx(x|0)/fx(y|f) is constant as a function of § «<—
I(x) = T(y)
Exponential Family (Theorem 6.2.28)
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Summary of Sufficiency Principle (cont'd)

Minimal Sufficient Statistic

Sufficient statistic that achieves the maximum data reduction

Definition T'is sufficient and it is a function of all other sufficient
statistics.

Theorem 6.2.13 fx(x|0)/fx(y|f) is constant as a function of § «<—
T(x) = T(y)

Exponential Family (Theorem 6.2.28) Complete and sufficient statistic is
minimal sufficient
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Summary of Sufficiency Principle (cont'd)

Complete Statistic

This family have to contain "many” distributions in order to be complete.
The restriction E[g(T)|6] = 0, V0 € € is strong enough to rule out all
non-zero functions
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Summary of Sufficiency Principle (cont'd)

Complete Statistic

This family have to contain "many” distributions in order to be complete.
The restriction E[g(T)|6] = 0, V0 € € is strong enough to rule out all
non-zero functions
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Summary of Sufficiency Principle (cont'd)

Complete Statistic

This family have to contain "many” distributions in order to be complete.
The restriction E[g(T)|6] = 0, V0 € € is strong enough to rule out all
non-zero functions

Definition E[g(T)|6] = 0 implies Pr(g(T) = 0/6) = 1.

Hyun Min Kang Biostatistics 602 - Lecture 08 February 5th, 2013 16 / 24



Review
00e0000000

Summary of Sufficiency Principle (cont'd)

Complete Statistic

This family have to contain "many” distributions in order to be complete.
The restriction E[g(T)|6] = 0, V0 € € is strong enough to rule out all
non-zero functions

Definition E[g(T)|6] = 0 implies Pr(g(T) = 0/6) = 1.
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Summary of Sufficiency Principle (cont'd)

Complete Statistic

This family have to contain "many” distributions in order to be complete.
The restriction E[g(T)|6] = 0, V0 € € is strong enough to rule out all
non-zero functions

Definition E[g(T)|6] = 0 implies Pr(g(T) = 0/6) = 1.
Exponential Family The parameter space €2 is an open subset of R¥.
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The random variable X takes the values 0, 1, 2, according to one of the
following distributions:

Pr(X=0) Pr(X=1) Pr(X=2)
Distribution 1 P 3p 1—4p O<p<

Distribution 2 P p? l—-p—p*> 0<p<

DO | = |

In each case, determine whether the family of distribution of X is complete.
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.

fxlalp) = pf =0 (3p)=1(1 — 4p)T==2)
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.

Ix(zlp) = pl(xzo)(3p)1(x:1)(1_4p)[($:2)
Blg(Xle) = > a@)fx(alp)
2€{0,1,2}
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.

Ix(zlp) = pl(xzo)(3p)1(x:1)(1_4p)[($:2)
Blg(Xle) = > a@)fx(alp)
2€{0,1,2}

= 9(0)-p+g(1)-(3p) +g(2) - (1 —4p)
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.

Ix(zlp) = pI(IZO)(gp)[(le)(l_4p)[($:2)
Blg(Xle) = > a@)fx(alp)
2€{0,1,2}

9(0) - p+ g(1) - (3p) + g(2) - (1 — 4p)
= plg(0) +3g(1) — 4g(2)] + ¢g(2) = 0
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.

fxlalp) = p"O@Ep) (1 - 4p)
HgOlpl = > g(@)fx(alp)
2€{0,1,2}
9(0) - p+ g(1) - (3p) + ¢(2) - (1 — 4p)
= plg(0) +3g(1) — 4g(2)] + ¢g(2) = 0

Therefore, g(2) =0, g(0) + 3g(1) = 0 must hold, and it is possible that g
is a nonzero function that makes Prg(X) = 0] < 1.
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.

Ix(zlp) = pI(IZO)(gp)[(le)(l_4p)[($:2)
Blg(Xle) = > a@)fx(alp)
2€{0,1,2}

9(0) - p+g(1) - (3p) + 9(2) - (1 — 4p)
= pl9(0) +39(1) —49(2)] + ¢9(2) = 0
Therefore, g(2) =0, g(0) + 3g(1) = 0 must hold, and it is possible that g

is a nonzero function that makes Pr[g(X) = 0] < 1. For example,
9(0) = 1,4(1) = =3,4(2) = 0.
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Solution - Distribution 1

Suppose that there exist g(-) such that E[g(X)|p] =0 for all 0 < p < 1.

Ix(zlp) = pf(xzo)(gp)f(ﬁl)(l_4p)l(m=2)
Blg(Xle) = > a@)fx(alp)
2€{0,1,2}

9(0) - p+ g(1) - (3p) + g(2) - (1 — 4p)
= plg(0) +3g(1) — 4g(2)] + ¢g(2) = 0

Therefore, g(2) =0, g(0) + 3g(1) = 0 must hold, and it is possible that g
is a nonzero function that makes Pr[g(X) = 0] < 1. For example,

g(0) =1, 9(1) = =3, g(2) = 0. Therefore the family of distribution of X is
not complete.

Hyun Min Kang Biostatistics 602 - Lecture 08 February 5th, 2013 18 / 24



Review
0000080000

Solution - Distribution 2

Suppose that there exist g(-) such that E[g(X)[p] =0 for all 0 < p < 1.

fx(alp) = 0=V - p— )2
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Solution - Distribution 2

Suppose that there exist g(-) such that E[g(X)[p] =0 forall 0 < p < §

I(z=0) (pQ)I(:r:l)(l )I(m:2)

fx(zlp) = p —p—p
EgXlp) = > g@)fx(zlp)

2€{0,1,2}
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Solution - Distribution 2

Suppose that there exist g(-) such that E[g(X)[p] =0 for all 0 < p < 1.

fx(alp) = 0=V - p— )2
BlgX)lp) = > g(@)ix(alp)
z€{0,1,2}

= g(0) p+g(1)-p*+9(2) - 1—p—1p°
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Solution - Distribution 2

Suppose that there exist g(-) such that E[g(X)[p] =0 for all 0 < p < 1.

fx(alp) = 0=V - p— )2
BlgX)lp) = > g(@)ix(alp)
z€{0,1,2}

= g(0)-p+g(1)-p*+9(2) - (1—p—p°
= p’[9(1) — 9(2)] + plg(0) — 9(2)] + g(2) = 0

9(0) = g(1) = ¢(2) = 0 must hold in order to E[g(X)|p] = 0 for all p.
Therefore the family of distribution of X is complete.
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Another Example

Let X7, .-, X, be iid samples from

A\ Y2 Mz — p)?
A = | —= Y
fX(‘T|:u’7 ) <27T$’3> €Xp|: 2/~112-T :|
where z > 0. Show that X=1%"" | X; and T'=
and complete.

n

W are sufficient
=1 X X
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Solution

) e [55

1/2ex _)\:vz 2\pz i
P 2ulr  2ulx 2ulz

o) =

> >
%,

Il
A/~
B
3
e
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Solution

fx(2]0) = (27:;3)1/26)(1) [—W]

= L 2 ex . >\$2 + 2)\,ux _ )\'u2
= 2 a3 p 2/,1,256 2“2517 ZMQZB

1\ 12 X \ N
- 9. .3 /2 - a5 —_— — . —
(27713> A7 exp [ 2M2x—|— L2 x]

Hyun Min Kang Biostatistics 602 - Lecture 08 February 5th, 2013 21 /24



Review
0000000800

Solution

A\ Mz — p)?
o) = (g2s) e [
(AN [ AR 2 N
-\ 273 P 2ulr  2ulx 2ulz
1 \'% AA A1
= [ — /2 AT AR A
R
1\, A A1
N /2 A 1 A
(27T.’L3> ATTe exp[ 202 2 x}
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Solution

po 2z

A\ Mz — p)?
o) = (g2s) e [
(AN [ AR 2 N
-\ 273 P 2ulr  2ulx 2ulz
1 \'% AA A1
- (= /2 A A AL
(27m3> A exp[ 2M2x—|— ]

A Al
1/2 M u AT
A 2eM P exp [ 2M2x 5 J
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Solution (cont'd)

where
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Solution (cont'd)

where

2m a3
() = /2
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Solution (cont'd)

where
1
Wz) = 213
() = /2
A
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Solution (cont'd)

where
1
Wz) = 213
() = /2
A
w (0) = _Tug
ti(z) = =
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Review
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where
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Review
0000000080

where
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Solution (cont'd)

where
1
Wz) = 213
() = /2
A
ti(z) = =
A
1
ta(z) = o

Therefore T(X) = (T1(X), To(X)) = >, X4 > oiy 1/X;) is a complete
sufficient statistic because @ = (), i) contains an open set in R2,
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Solution (cont'd)

Now, we need to show that X=1%""  X;and T=
one-to-one function of T(X).
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Solution (cont'd)

Now, we need to show that X = %Z?:l Xiand T= 2,17"11 are
=1 X %
one-to-one function of T(X).
- 1 < 1
X = - X; = —T1(X)
n 4 n
=1
T = n ni 1~ T5(X : n
Ei:l?(_?( 2(X) — T (X)
n 1
T X = —_— =
>(X) T + e

Therefore, (X, T) are one-to-one function of (T1(X), T5(X)) and are also
a sufficient complete statistic.
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Summary

= More Examples of Exponential Family

= Review of Chapter 6
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Summary

= More Examples of Exponential Family

= Review of Chapter 6

= Likelihood Function

= Point Estimation
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