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Last Lecture

® What is a point estimator, and a point estimate?
® What is a method of moment estimator?

©® What are advantages and disadvantages of method of moment
estimator?

® What is a maximum likelihood estimator (MLE)?
® How can you find an MLE?
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Recap - Method of Moment Estimator

= Point Estimation - Estimate 6 or 7(0).
= Method of Moment

1
m1=?LZXi=EX=M1

1
mzZﬁZX?:EXQZMz

, :
:*E Xt = Xk =
myg n I M
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Recap - Example of Method of Moment Estimator

p=X
1 n

~2 A2 2 2

[+ 6 n; :
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Recap - Example of Method of Moment Estimator

= Easy to implement
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Recap - Example of Method of Moment Estimator

Xl; 7Xn1’£ (Maa2>
i=X
1 n
pP+ot=EXP=—% X}
=1

= Easy to implement
= Easy to understand

= Estimators can be improved; use as initial value to get other
estimators
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Recap - Example of Method of Moment Estimator

Xl; 7Xn1’£ (Maa2>
i=X
1 n
pP+ot=EXP=—% X}
=1

= Easy to implement

= Easy to understand

= Estimators can be improved; use as initial value to get other
estimators

= No guarantee that the estimator will fall into the range of valid
parameter space.
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Recap - Likelihood Function

Definition

X1, X 2 £, (2]0). The join distribution of X = (Xi,--, X is

Fx(x]0) = HfX ]6)
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Recap - Likelihood Function

Definition
X1, X 2 £, (2]0). The join distribution of X = (Xi,--, X is
X‘Q HfX %’9

Given that X = x is observed, the function of 6 defined by L(6|x) = f(x|0)
is called the likelihood function.

v
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Recap - Example Likelihood Function

- X1, Xo, X3, X4 2 Bernoulli(p), 0 < p < 1.

= x=(1,1,1,1)7

= Intuitively, it is more likely that p is larger than smaller.
L(plx) = fixlp) = [Tiy (1 — p)'~" = p*.

x=(1,1,1,1)

0.6 0.8 1.0

Lplx)

04

0.2

0.0

00 02 04 06 08 10
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How do we find MLE?

If the function is differentiable with respect to 6,
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How do we find MLE?

If the function is differentiable with respect to 6,

® Find candidates that makes first order derivative to be zero
® Check second-order derivative to check local maximum.

= For one-dimensional parameter, negative second order derivative
implies local maximum.

= For two-dimensional parameter, suppose L(f1,05) is the likelihood
function. Then we need to show

(a) BQL(Gh 92)2/89% < 0or 82[/(91, 92)2/695 < 0.
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How do we find MLE?

If the function is differentiable with respect to 6,

® Find candidates that makes first order derivative to be zero
® Check second-order derivative to check local maximum.

= For one-dimensional parameter, negative second order derivative
implies local maximum.
= For two-dimensional parameter, suppose L(f1,05) is the likelihood
function. Then we need to show
(a) BQL(Gh 92)2/89% < 0or 82[/(91, 92)2/695 < 0.
(b) Determinant of second-order derivative is positive
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Example of MLE : Uniform Distribution

X1, , Xp - Uniform(0, #), where X; € [0,6] and 6 > 0.
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Example of MLE : Uniform Distribution

X1, Xy 2 Uniform(0,6), where X; € [0,6] and 6 > 0.

Solution
L(O)x) = S0< <) =—J[rHo<z<0
o = JIgr0<a<e=zllH0<a<0)
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Example of MLE : Uniform Distribution

X1, Xy 2 Uniform(0,6), where X; € [0,6] and 6 > 0.

L(Ox) = Hgf(ogxige)zﬁﬂf(ogxiga)
=1 =1
1
= %I(0§x1<9/\- ANO <z, <0)
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Example of MLE : Uniform Distribution

X1, Xy 2 Uniform(0,6), where X; € [0,6] and 6 > 0.

L6x) = H%J(ogxige)ze%ﬂf(ogxiga)
=1 =1
= %(ngl<9/\ N0 < m, <0)
1
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Example of MLE : Uniform Distribution

X1, Xy 2 Uniform(0,6), where X; € [0,6] and 6 > 0.

L(Ox) = ggf(o <z <6) = ""EI(O < z;<0)
1
= o 0<az <HA---N0O< 2, <0)
1
We need to maximize 1/6" subject to constraint that 0 < x(,) < 6.
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Example of MLE : Uniform Distribution

X1, Xy 2 Uniform(0,6), where X; € [0,6] and 6 > 0.

L(6x) — H%I(ngige):—nl(ogwigﬁ)

We need to maximize 1/6" subject to constraint that 0 < x(,) < 6.
Because 1/6™ decreases in 6, the MLE is §(X) = Xn)-
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Example of MLE : Normal Distribution

Problem

Suppose n pairs of data (X1, Y1), -, (X, Y,,) where X; is generated
from an unknown distribution, and Y; are generated conditionally on X.
Y| X; ~ N(a+ BX;,07)

Find the MLE of (a, 3, 0?).
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Problem

Suppose n pairs of data (X1, Y1), -, (X, Y,,) where X; is generated
from an unknown distribution, and Y; are generated conditionally on X;.
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Solution
The joint distribution of (X1, Y1), -+, (X, Y3,) is
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Example of MLE : Normal Distribution

Problem

Suppose n pairs of data (X1, Y1), -, (X, Y,,) where X; is generated
from an unknown distribution, and Y; are generated conditionally on X;.
Y| X; ~ N(a+ BX;,07)

Find the MLE of (a, 8, 02).

The joint distribution of (X1, Y1), -+, (X, Y3,) is
n

Ky(xy) = [fx(x) H N (yil@i)
=1

202

Y S ST Ty
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Solution : Normal Distribution (cont'd)

The likelihood function is

Lia, B,0%xy) = fx(x)(2m0?) " exp
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Solution : Normal Distribution (cont'd)

The likelihood function is

2?21(%’ - o= 5%’)2

202

Lia,B,0%xy) = fx(x)(2r0%) " exp |~

The log-likelhood function can be simplied as

Hyun Min Kang Biostatistics 602 - Lecture 10 February 12th, 2013 10 / 20



MLE
000@000000000

Solution : Normal Distribution (cont'd)

The likelihood function is

2?21(%’ - o= 5%’)2

Loy B,0%xy) = f(x)(2mo?) "2 exp |- EELI S

The log-likelhood function can be simplied as

Z?:l(yi —a— 5%‘)2

202

I, B,0%) = C’—glog(27r02)—
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Solution : Normal Distribution (cont'd)

The likelihood function is

2?21(%’ - o= 5%’)2

Loy B,0%xy) = f(x)(2mo?) "2 exp |- EELI S

The log-likelhood function can be simplied as

2y _ n oy i (Y — o — Buy)?
l(Oé, 670— ) = C— 5 10g(27ra ) — 252
ﬂ _ 22?:1(%—0—/3%)_@—na—nﬂ?c_o
oo o 202 - o2 -
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Solution : Normal Distribution (cont'd)

The likelihood function is

2?21(%’ - o= 5%’)2

Loy B,0%xy) = f(x)(2mo?) "2 exp |- EELI S

The log-likelhood function can be simplied as

2y _ n oy i (Y — o — Buy)?
l(Oé, 670— ) = C— 5 10g(27ra ) — 252
ﬂ _ 22?:1(%—0—/3%)_@—na—nﬂ?c_o
Oa o 202 - o2 -
& = y—pz
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Solution : Normal Distribution (cont'd)

ﬁ . 2 Z?:l(yi - — Bﬂﬂz‘)xi _ 2?21 TiY; — QT — 52?:1 Z% -0
B 202 o?
Yoy @iy, — (Y — BT) — By 4

§ = izt il — 1Ty

21 % — na
oL m2m 4 > i (y; — a = Bxy)* 0
do2 2270 2(02)? N

o = —Z . — G — [;)?
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Solution : Normal Distribution (cont'd)

ﬁ . 2 Z?:l(yi - — Bﬂﬂz‘)xi _ 2?21 TiY; — QT — 52?:1 Z% -0
B 202 o?

5= D i TilY; — NTY

>y T — T
oL m2m 4 > i (y; — a = Bxy)* 0
do2 2270 2(02)? N

o = —Z . — G — [;)?
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Solution : Normal Distribution (cont'd)

ol 2y i (i—a—Br)w YL my;—naT— By i, 2 0
s 202 o2
Yoy @iy, — (Y — BT) — By 4 =0
3= 2 is1 TiY; — nTY
> it 5’33 — nz?
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Solution : Normal Distribution (cont'd)

ol 2y i (i—a—Br)w YL my;—naT— By i, 2 0
B 202 o2
S iy — na(y — fT) — B 47 =0

S my; — nTy

= Yoy @ — na
oL _ n2r +Z?:1<yi_a_/6$i)2 0
do?  22n0 2(02)? N
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Solution : Normal Distribution (cont'd)

ol 23 0 (g — a— Bz _ Doy Ty — T — By 4

B 202 o? =0
Yoy @iy, — (Y — BT) — By 4 =0

3 _ 2?21 LilY; — NTY

>y T — T
oL _ _n2m Y (yi—a—pu) _
do?  22n0 2(02)? N
N 1 & .
o? = (y; — & — B)?

Hyun Min Kang
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Putting Things Together

Therefore, the MLE of (a, 3,0?) is
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Putting Things Together

Therefore, the MLE of (a, 3,0?) is

& = §- bz
D i TiY; — NTY
Yoy o} — na

n
=

W
I

7 = 3 (-6 fr)

i=1
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Example : Normal Distribution with Known Variance

Problem

Tyeoo o iid, (u,1) where g > 0. Find MLE of p.
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Example : Normal Distribution with Known Variance

Problem
X1, Xn 2% N (1, 1) where g2 > 0. Find MLE of p. /
n -
(%—M)Q] —n)2 [ > i1 (@
X ex T (o) 2 exp |—ELNY )
M| Zl_Il 27T p[ 2 ( ) p
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Example : Normal Distribution with Known Variance

Problem

X1, Xn 2% N (1, 1) where g2 > 0. Find MLE of p.

Solution

1 | N

n

Liulx) = H reXp[ W]:@W)—wexp [_M

2

> (@ — ,U)2
2

[(pu]x) log L(p,x) = C—
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Example : Normal Distribution with Known Variance

Problem

X1, X 2 N (1, 1) where 1> 0. Find MLE of pu.

= T — p)? _ ! : T
L(plx) = H Lexp [—(2”)] = (2m) ™2 exp [—Z

L1 V2m
" 2
. I’L
l(p|x) = logL(p,x)=C— Zz—1(2 1)
oL _ 23 ia(mi—p) _ 921
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Example : Normal Distribution with Known Variance

Problem

X1, X 2 N (1, 1) where 1> 0. Find MLE of pu.

Solution

1 | N

L(plx) = in1 \/12?exp [—(%_2”)2] = (2m) ™2 exp [—"

> (@ — ,U)2

(pux) = log L(u,x) = C—

2
l 257 (mi— 2]
i _ Ez:l(x /‘L) _ 07 87 < 0
o 2 ou?
a o= le/nzﬁy
i=1
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The MLE parameter must be within the parameter space

We need to check whether i is within the parameter space [0, 00).
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We need to check whether i is within the parameter space [0, 00).

» If 2> 0, i =z falls into the parameter space.
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The MLE parameter must be within the parameter space

We need to check whether i is within the parameter space [0, 00).
» If 2> 0, i =z falls into the parameter space.

= If <0, i =T does NOT fall into the parameter space.
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The MLE parameter must be within the parameter space

We need to check whether i is within the parameter space [0, 00).
» If 2> 0, i =z falls into the parameter space.
= If <0, i =T does NOT fall into the parameter space.
When z < 0
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The MLE parameter must be within the parameter space

We need to check whether i is within the parameter space [0, 00).
» If 2> 0, i =z falls into the parameter space.
= If <0, i =T does NOT fall into the parameter space.

When z < 0
N <
@:E (zi—p) =n(@—p) <0

=1
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The MLE parameter must be within the parameter space

We need to check whether i is within the parameter space [0, 00).
» If 2> 0, i =z falls into the parameter space.
= If <0, i =T does NOT fall into the parameter space.
When z < 0
o < _
o = (w—p) =nE—p) <0
=1

for > 0. Therefore, (1|x) is a decreasing function of p. So i = 0 when
z<0.
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The MLE parameter must be within the parameter space

We need to check whether i is within the parameter space [0, 00).
» If 2> 0, i =z falls into the parameter space.
= If <0, i =T does NOT fall into the parameter space.
When z < 0
o < _
@=Z(%—M) = n(T—p) <0
=1

for > 0. Therefore, (1|x) is a decreasing function of p. So i = 0 when
Z < 0. Therefore, MLE is

A(X) = max(X, 0)
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Invariance Property of MLE

If § is the MLE of 6, what is the MLE of 7(6)?
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Invariance Property of MLE

If § is the MLE of 6, what is the MLE of 7(6)?

X1, , Xn iid; Bernoulli(p) where 0 < p < 1.
® What is the MLE of p?
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Invariance Property of MLE

If § is the MLE of 6, what is the MLE of 7(6)?

X1, , X, > Bernoulli(p) where 0 < p < 1.
@ What is the MLE of p?
® What is the MLE of odds, defined by n = p/(1 — p)?
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Liplx) = J[p"(1—p)'" = p>5(1 - p)" ="
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n

Liplx) = J[p"(1—p)'" = p>5(1 - p)" ="
=1
I(plx) = logp)  zi+log(1—p)(n— =)
=1 =1
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n

Liplx) = J[p"(1—p)'" = p>5(1 - p)" ="
=1
I(plx) = logp)  zi+log(1—p)(n— =)
=1 =1
ol SEimo on—Y.r
ot _ ~ »
dp p 1—0p
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n

Liplx) = J[p"(1—p)'" = p>5(1 - p)" ="
=1
lpix) = logp} aic+ log(l=p)(n—3 )
=1 =1
o Xilm n—YiLiwm
dp p 1—0p
I i1 % _ =

n
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= n=p/(1-p)=1(p)
= p=n/(1+n) =7"1n)
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= n=p/(1-p)=1(p)
= p=n/(1+n) =7"1n)
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= n=p/(1-p)=1(p)

= p=n/(1+n) =7"1n)

L'(nx) = p="i(1—p)" 25
p 2w

= 1, (1-p)"=

=i
(1+mn)"
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= n=p/(1-p)=1(p)
= p=n/(1+n) =7"1n)

*

L'(nx) = p=%(1—p)" x5

_ Lz”(l )= =
1—p (L+n)"
F(nx) = > zilogn —nlog(1+n)
=1
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= n=p/(1-p)=1(p)
= p=n/(1+n) =7"1n)

*

L'(nx) = p=%(1—p)" x5

= L=
L—p (L+n)"
F(nx) = > zilogn —nlog(1+n)
=1
or _ Yiam _ n
on n 1+n
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= n=p/(1-p)=1(p)
= p=n/(1+n) =7"1n)

*

L'(nx) = p=%(1—p)" x5

_ Lz”(l_p)n:ﬂ
L—p (L+n)"
F(nx) = > zilogn —nlog(1+n)

=1

or _ Yiam _ n

on n 1+n

A= M:T(@
1*2?:11%/”
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Another way to get MLE of n = £
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Another way to get MLE of n = £

* N2 i
(I+n)"

= From MLE of p, we know L*(n|x) is maximized when
p=n/(1+n)=p.
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Another way to get MLE of n = £

7%
(14mn)n

= From MLE of p, we know L*(n|x) is maximized when
p=n/(1+n)=p.

= Equivalently, L*(n|x) is maximized when n = p/(1 — p) = 7(p),
because 7 is a one-to-one function.
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Another way to get MLE of n = £

7%
(14mn)n

= From MLE of p, we know L*(n|x) is maximized when
p=n/(1+n)=p.

= Equivalently, L*(n|x) is maximized when n = p/(1 — p) = 7(p),
because 7 is a one-to-one function.

= Therefore 7 = 7(p).
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Invariance Property of MLE

Denote the MLE of 6 by 0. If 7(6) is an one-to-one function of 6, then

~

MLE of 7(0) is 7(0).
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Invariance Property of MLE

Denote the MLE of 8 by 6. If 7(6) is an one-to-one function of 6, then

~

MLE of (6) is (f).

Proof

The likelihood function in terms of 7(6) = n is

| A

n

L(rO)x) = []/x(@l6) =] Azlr"0)
=1

=1

v
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Invariance Property of MLE

Fact

Denote the MLE of 8 by 6. If 7(6) is an one-to-one function of 6, then

~

MLE of (6) is (f).

Proof
The likelihood function in terms of 7(6) = n is

| \

n

11 7x(@il6) = [ [ Azdr—" ()
=1

=1
= L (n)lx)

LA (7 (0)1x)

v
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Invariance Property of MLE

Fact
Denote the MLE of 8 by 6. If 7(6) is an one-to-one function of 6, then

~

MLE of (6) is (f).

Proof
The likelihood function in terms of 7(6) = n is

| A

n

11 7x(@il6) = [ [ Azdr—" ()
=1

=1
= L (n)lx)

We know this function is maximized when 77! (1) = 0, or equivalently,
when n = 7(6).

LA (7 (0)1x)

v
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Invariance Property of MLE

Fact
Denote the MLE of 8 by 6. If 7(6) is an one-to-one function of 6, then

~

MLE of (6) is (f).

Proof
The likelihood function in terms of 7(6) = n is

| \

n

11 7x(@il6) = [ [ Azdr—" ()
=1

=1
= L (n)lx)

We know this function is maximized when 771(n)

A~

when 1 = 7(0). Therefore, MLE of 1 = 7(0) is ().

LA (7 (0)1x)

6, or equivalently,

v
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Summary

= Maximum Likelihood Estimator
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Summary

= Maximum Likelihood Estimator

v

Next Lecture

= Mean Squared Error

= Unbiased Estimator

= Cramer-Rao inequality
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