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Example of Hypothesis Testing

Let X7, -+, X, be changes in blood pressure after a treatment.
H(] : =0
Hl : 6 75 0
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Example of Hypothesis Testing

Let X7, -+, X, be changes in blood pressure after a treatment.
H(] : =0
Hl : 6 75 0

The rejection region = {x sx/\f > 3}

Truth

Hyun Min Kang

Decision
Accept Hy Reject Hy
Hy || Correct Decision Type | error
H Type Il error Correct Decision
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Power function

Definition - The power function

The power function of a hypothesis test with rejection region R is the
function of @ defined by

B(0) = Pr(X € R|#) = Pr(reject Hy|0)
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Power function

Definition - The power function

The power function of a hypothesis test with rejection region R is the
function of @ defined by

B(0) = Pr(X € R|#) = Pr(reject Hy|0)

If 0 € QF (alternative is true), the probability of rejecting Hy is called the
power of test for this particular value of 6.

= Probability of type | error = 5(0) if 6 € Q.
= Probability of type Il error = 1 — 3(0) if 6 € €.
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Power function

Definition - The power function

The power function of a hypothesis test with rejection region R is the
function of @ defined by

B(0) = Pr(X € R|#) = Pr(reject Hy|0)

If 0 € QF (alternative is true), the probability of rejecting Hy is called the
power of test for this particular value of 6.

= Probability of type | error = 5(0) if 6 € Q.
= Probability of type Il error = 1 — 3(0) if 6 € €.

An ideal test should have power function satisfying 3(6) = 0 for all
0 € Qo, B(0) =1 for all € QF, which is typically not possible in practice.
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Sizes and Levels of Tests

A test with power function () is a size « test if

sup 5(0) = «
6
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In other words, the maximum probability of making a type | error is a.

| A\

Level o test

A test with power function 3(0) is a level « test if
sup B(0) < a
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Sizes and Levels of Tests

A test with power function () is a size « test if

sup 5(0) = «
(IS0

In other words, the maximum probability of making a type | error is a.

| A

Level o test

A test with power function 3(0) is a level « test if
sup B(0) < a
0eQo

In other words, the maximum probability of making a type | error is equal
or less than a. )

Any size « test is also a level « test
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Definition

Let L(0|x) be the likelihood function of #. The likelihood ratio test
statistic for testing Hy : 6 € Qg vs. Hy : 0 € Qf is
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Likelihood Ratio Tests (LRT)

Let L(0|x) be the likelihood function of #. The likelihood ratio test
statistic for testing Hy : 6 € Qg vs. Hy : 0 € Qf is

Supgeq, L(0]x) _ L(Bo|x)
suppeq L(01x)  L(A]x)

A(x)

where 6 is the MLE of 6 over 6 € Q, and 6, is the MLE of 6 over 6 € £
(restricted MLE).
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Likelihood Ratio Tests (LRT)

Let L(0|x) be the likelihood function of #. The likelihood ratio test
statistic for testing Hy : 6 € Qg vs. Hy : 0 € Q) is

SUPpeq, L(0]x) _ L(fo|x)
suppeq L(01x)  L(A]x)

A(x)

where 0 is the MLE of @ over 6 € Q, and 0 is the MLE of @ over 6 € Qg
(restricted MLE).

The likelihood ratio test is a test that rejects Hy if and only if A\(x) < ¢
where 0 < ¢ < 1.
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Example of LRT

Consider X1, -+, Xn 2% N(6, 02) where o is known.
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Example of LRT

Problem

Consider X1, , X, "% N(8, 0%) where o2 is known.
Hy : 0<6
H : 0>0

For the LRT test and its power function

Solution

| A
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Example of LRT

Problem
Consider X7, -+, X, 2% (6,0%) where 2 is known.
Hy : 0<6
H : 0>0
For the LRT test and its power function
n
1 (:Ez — 9)2
L(6 = —_—
(©b) Zl_Il 2mo? exp[ 202
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Example of LRT

Problem

Consider X1, -, X, e N(0,0?) where o2 is known.
Hy : 0<6
H : 0>0

For the LRT test and its power function

Solution

| A

LX) =

-

n
. 2mo? 202
=1l

- () P

We need to find MLE of 6 over Q2 = (—o0, 00) and Qy = (—o0, 6p].

Hyun Min Kang
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MLE of 6 over Q) = (—o0, 0)

. P\2
To maximize L(f|x), we need to maximize exp [—M} or

equivalently to minimize >, (z; — 6)%.
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MLE of 6 over Q) = (—o0, 0)

202

n . P\2
To maximize L(f|x), we need to maximize exp [—M] or

equivalently to minimize >, (z; — 6)%.

n n

D (zi—0)7 = ) (aF +06° - 20m)

=1 =1
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MLE of 6 over Q) = (—o0, 0)

z’;:l(zi—t)?] or

To maximize L(f|x), we need to maximize exp [— boo

equivalently to minimize >, (z; — 6)%.

n n

D (zi—0)7 = ) (aF +06° - 20m)

=1 =1

= n92—292n:%'+zn:1?
=1 =1
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MLE of 6 over Q) = (—o0, 0)

n . P\2
To maximize L(f|x), we need to maximize exp [—W] or

equivalently to minimize >, (z; — 6)%.

n n

D (zi—0)7 = ) (aF +06° - 20m)

=1 =1
n n
= n® 20 x4+ > o
=1 =1

The equation above minimizes when 6 = 6 = # =

sl
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MLE of € over Qy = (—o0, 6]

= L(0|x) is maximized at 6 = L% gifg < 6.
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MLE of € over Qy = (—o0, 6]

= L(0|x) is maximized at 6 = # =zif < 6.

= However, if T > 6y, T does not fall into a valid range of éo, and
0 < 69, the likelihood function will be an increasing function.
Therefore 6y = 8.
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MLE of € over Qy = (—o0, 6]

= L(0|x) is maximized at 6 = # =zif < 6.

= However, if T > 6y, T does not fall into a valid range of éo, and
0 < 69, the likelihood function will be an increasing function.
Therefore 6y = 8.

To summarize,

b — X if X<6bp
7 6y if X> 6

Hyun Min Kang Biostatistics 602 - Lecture 19 March 26th, 2013 9 /33



LRT
0000@0000000000000000000

Likelihood ratio test

A 1 if X < 6
A = L) ] g Bmew?]
L(9|x) p|: Zzlzl(zz‘*iﬂ] if X > 90
XP| Ty
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Likelihood ratio test

A 1 if X < 6
A(x) = L(bolx) _ exp{_zzg+geo>2} B
L(9|x) p|: Zzlzl(zz‘*iﬂ] if X > 90
XP| T T o
1 if X <6
T e | U] X >0
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Likelihood ratio test

A 1 if X < 6
A(x) = L(bolx) _ exp{_zzg+geo>2} B
L(9|x) p|: Zzlzl(zi*iﬂ] if X > 90
XP| T T o
1 if X <6
T e | U] X >0

Therefore, the likelihood test rejects the null hypothesis if and only if

- 2
exp [_n(w%jo)] <o

and 7> 6.

Hyun Min Kang
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Specifying ¢

n(?c — 00)2
202

IA
o

exp | —
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Specifying ¢

B n(?c — 00)2
exp 552 < ¢
SR
= — (@ = bo) < logc
202
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Specifying ¢

n(?c — 00)2
exp | ——————— c
P 202 -
n(i — 90)2
<— g2 < logc
202 log c

— (—6)?
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Specifying ¢

n(Z — 0p)?
exp | ——— 5 < ¢
T— 0
<:>—n(x2020) < logc
2021
= @) > -8

n

| 2021
= IT—-6y > —JTOgC (x> b))
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Specifying ¢ (cont'd)

So, LRT rejects Hy if and only if

2
T8 > | 20 log ¢
n

NN TN
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Specifying ¢ (cont'd)

So, LRT rejects Hy if and only if

_ 202log c
T— 0y > —
n
_ _ 202logec
T — 90 > n o

NN TN

Therefore, the rejection region is

v o)
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Power function

B(#) = Pr(reject Hy) = Pr <§/_\/9?(L) > c*)
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Power function

B(#) = Pr(reject Hy) = Pr — % > c*)

o/Vn
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Power function

B(#) = Pr(reject Hy) = Pr < — % > c*)

_ py (X—(’W—‘)O > c*)
o/\/n
X—0_ 6-6
= P > *
r(a/\/ﬁ a/\/ﬁ”)
Since X1, -+, X, i'ir-'\(-i/'/\f(9,02), XNN(Q, "—;) Therefore,
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Power function

B(#) = Pr(reject Hy) = Pr <

X—-0+0—6 *>
= Pr{——>c¢
(ot
X-0 90—0 )
= Pr > *
(0/\/5 o/
Since X1, , Xn ~E N (8, 02), XwN(Q,%). Therefore,

X-40
a/v/n

<0 - m(eate)

~ N(0,1)

where Z ~ N (0,1).
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Making size ao LRT

To make a size o test,
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sup B() = o
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6<bo [V

Pr(Z>c¢) = «

Hyun Min Kang Biostatistics 602 - Lecture 19 March 26th, 2013 14 / 33



LRT
000000008000000000000000

Making size ao LRT

To make a size o test,

sup B() = o

9690
supPr<Z>9 *) = «
6<bo [V

Pr(Z>c¢) = «

=z

Note that Pr (ZZ 5(/)\_/% + c*) is maximized when 6 is maximum (i.e.

0 = 6).
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Making size ao LRT

To make a size o test,

sup B() = o
9690
sup Pr (Z > % *) = «
0<0o /\f
Pr(Z>c¢) = «
& = 2z

Note that Pr (Z> 9(/)\/(1 + c*) is maximized when 6 is maximum (i.e.
0 = 6p).
Therefore, size o LRT test rejects Hy if and only if Z

0/\f
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Another Example of LRT

Problem
X, , X, id f(z]0) = e (@=0) where > 60 and —0o < 6 < co. Find a
LRT testing the following one-sided hypothesis.
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Another Example of LRT

Problem

X, , X, id f(z]0) = e (@=0) where > 60 and —0o < 6 < co. Find a

LRT testing the following one-sided hypothesis.
HO : 0 < 90
H : 0>6
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Another Example of LRT

Problem

X, , X, id; f(z]0) = e (@=0) where > 60 and —0o < 6 < co. Find a
LRT testing the following one-sided hypothesis.
HO : 0 < 90

H : 0>6 )
n

LOIx) = H e~ @0 [(z; > 0)
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Another Example of LRT

Problem
X, , X, id; f(z]0) = e (@=0) where > 60 and —0o < 6 < co. Find a
LRT testing the following one-sided hypothesis.

HO : 0 < 90

H : 0>6

W
Solution
n

L(f|x) = H e~ @0 [(z; > 6)

The likelihood function is a increasing function of ¢, bounded by 0 < z(y).
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Another Example of LRT

Problem

Tyeoo o iid, f(z]0) = ¢~ (@9 where > 0 and —co < 0 < co. Find a

LRT testing the following one-sided hypothesis.
HO : 0 < 90

H : 0>6

W
Solution
n

L(f|x) = H e~ @0 [(z; > 6)
i=1

= 672Ii+n01(9 < l‘(l))

The likelihood function is a increasing function of ¢, bounded by 0 < z(y).
Therefore, when 6 € Q = R, L(f|x) is maximized when 6 = § = ().
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Solution (cont'd)

When 6 € €)f, the likelihood is still an increasing function, but bounded by
¢ < min(x;),6p). Therefore, the likelihood is maximized when
0= éo = min(a:(l), 90)
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Solution (cont'd)

When 6 € €)f, the likelihood is still an increasing function, but bounded by
¢ < min(x;),6p). Therefore, the likelihood is maximized when

0 =0y = min(z;), 0p). The likelihood ratio test statistic is

e— 2 it nb .
Mx) = Sy, i 0o < )
1 if 90 > w(l)
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Solution (cont'd)

When 6 € €)f, the likelihood is still an increasing function, but bounded by
¢ < min(x;),6p). Therefore, the likelihood is maximized when

0 =0y = min(z;), 0p). The likelihood ratio test statistic is

e~ 2 zitnbg .
L iff<=x
Alx) = { e S () 0= )

1 if 90 > w(l)
_f emrw) if gy < gy
- 1 if 90 > x(l)
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Solution (cont'd)

The LRT rejects Hy if and only if

Hyun Min Kang Biostatistics 602 - Lecture 19 March 26th, 2013 17 / 33



LRT
00000000000e000000000000

Solution (cont'd)

The LRT rejects Hy if and only if

e®omrm) < ¢ (and Oy < ()

< 0y — Z(1) <

<~ x(l)

Y
S
|
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Solution (cont'd)

The LRT rejects Hy if and only if

e®omrm) < ¢ (and Oy < ()

< 0y — Z(1) <

<~ x(l)

Y
S
|

So, LRT reject Hy is z(1) > 0 — 10% and z(1) > 6. The power function is
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Solution (cont'd)

The LRT rejects Hy if and only if
enlbo—m) < ¢ (and 0y < (1))

< 0y — Z(1) <

<~ x(l)

Y
S
|

So, LRT reject Hy is z(1) > 0 — 10% and z(1) > 6. The power function is

log ¢

g(#) = Pr (X(l) <#by— A X(l) > 90)
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Solution (cont'd)

The LRT rejects Hy if and only if

e®omrm) < ¢ (and Oy < ()

< 0y — Z(1) <

<~ x(l)

Y
S
|

So, LRT reject Hy is z(1) > 0 — 10% and z(1) > 6. The power function is

log ¢

g(#) = Pr (X(l) <#by— A X(l) > 90)

To find size « test, we need to find c¢ satisfying the condition

sup 3(0) = o

0<6o
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LRT based on sufficient statistics

Theorem 8.2.4

If T(X) is a sufficient statistic for 6, A*(¢) is the LRT statistic based on T,
and A(x) is the LRT statistic based on x then
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LRT based on sufficient statistics

Theorem 8.2.4

If T(X) is a sufficient statistic for 6, A*(¢) is the LRT statistic based on T,
and A(x) is the LRT statistic based on x then

N [T(x)] = Alx)
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LRT based on sufficient statistics

Theorem 8.2.4

If T(X) is a sufficient statistic for 6, A*(¢) is the LRT statistic based on T,
and A(x) is the LRT statistic based on x then
AT(X)] = Alx)

for every x in the sample space.
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By Factorization Theorem, the joint pdf of x can be written as

fx16) = g(T(x)|6)(x)
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By Factorization Theorem, the joint pdf of x can be written as

fx16) = g(T(x)|6)(x)

and we can choose ¢(t|0) to be the pdf or pmf of T(x).
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By Factorization Theorem, the joint pdf of x can be written as

fx16) = g(T(x)|6)(x)

and we can choose ¢(t|0) to be the pdf or pmf of T(x).
Then, the LRT statistic based on T(X) is defined as

supgeq, L(O|T(x) =) _ supgeq, 9(#9)
=1

N (t —
0 = upgen LI T Supoce 9(10)
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Proof (cont'd)

LRT statistic based on X is

Hyun Min Kang Biostatistics 602 - Lecture 19 March 26th, 2013 20/ 33



LRT
000000000000008000000000

Proof (cont'd)

LRT statistic based on X is

Supgeq, L(0]x) _ SUPseqy f(x|0)
suppeq L(O|x)  suppeq f(x|0)

A(x)
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Proof (cont'd)

LRT statistic based on X is

supgeq, L(0|x)  suppeq, fx|0)
supgeq L(Ox)  supgeq f(x|6)
supgeq, 9(1(x)|0)h(x)
supgeq 9( T(x)|0)h(x)

A(x)
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Proof (cont'd)

LRT statistic based on X is

Supgeq, L(0]x) _ SUPseqy f(x|0)
supgeq L(0[x)  supgeq f(x[6)
Supgeq, 9( T(x)|0)h(x)

supgeq 9( 1(x)[0)h(x)

supgeq, 9(T(x)|0) «
Supgen o(TID) )

A(x)

Hyun Min Kang Biostatistics 602 - Lecture 19 March 26th, 2013 20/ 33



LRT
000000000000008000000000

Proof (cont'd)

LRT statistic based on X is

supgeq, L(0|x)  suppeq, fx|0)
supgeq L(Ox)  supgeq f(x|6)
supgeq, 9(1(x)|0)h(x)

supgeq 9( T(x)|0)h(x)

supgeq, 9(T(x)[0) _

= Suppeq o(T008) - )

Ax) =

The simplified expression of \(x) should depend on x only through T(x),
where T(x) is a sufficient statistic for 6.
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Consider X1, -+, Xn 2% N(6, 02) where o is known.
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Problem

Consider Xi,---, X, =& (0, 02) where o is known.
Hy : 6=26q
H : 0+#06,

Find a size o LRT.
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Problem

Consider X7, -+, X, 2% (6,0%) where 2 is known.
Hy : 0=0
H : 0+#06,

Find a size o LRT.

Solution - Using sufficient statistics

| N\

T(X) = X is a sufficient statistic for 6.

4
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Problem

Consider X7, -+, X, 2% (6,0%) where 2 is known.
Hy : 0=0
H : 046,

Find a size o« LRT.

Solution - Using sufficient statistics

| N\

T(X) = X is a sufficient statistic for 6.

2
N N<0,0>
n
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Problem

Consider X7, -+, X, 2% (6,0%) where 2 is known.
Hy : 0=0
H : 046,

Find a size o« LRT.

Summar

Solution - Using sufficient statistics

| N\

T(X) = X is a sufficient statistic for 6.

2
N N<0,0>
n

1 _
A(t) _ Supaeﬂo L(0|t) . 2#02/77, exp |:

(t—90)2]

202 /n

supgeq L(0]t)

1
SHPQEQ 727”;2/” exp [

_ (t=0)?

=7
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Solution (cont'd)

The numerator is fixed, and MLE in the denominator is 0 = t. Therefore
the LRT statistic is
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Solution (cont'd)

The numerator is fixed, and MLE in the denominator is 0 = t. Therefore
the LRT statistic is

n(t— 90)2]

A(t) = exp [— —
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Solution (cont'd)

The numerator is fixed, and MLE in the denominator is 0 = t. Therefore
the LRT statistic is

A0 = oo |1

LRT rejects Hy if and only if
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Solution (cont'd)

The numerator is fixed, and MLE in the denominator is 0 = t. Therefore
the LRT statistic is

A0 = oo |1

LRT rejects Hy if and only if
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Solution (cont'd)

The numerator is fixed, and MLE in the denominator is 0 = t. Therefore
the LRT statistic is

A(f) = oxp [_"(t—‘W]

202

LRT rejects Hy if and only if

202

>+/—2logc=c*

A() = exp [_"““’0)] <
t—6p

— |o/vn
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Solution (cont'd)

Note that
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Solution (cont'd)

Note that
n

2
T=X ~ N<9,0>

T— 09
O'/\/?l ~ N(Ovl)
Zc*) = «

A size « test satisfies
T—6

o/

sup Pr <
0
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Solution (cont'd)

Note that
2
T=X ~ N(e, U)

n

T — 6y
YN ~ N(0,1)

A size « test satisfies

sup Pr < r=4 > c*>
0eQ U/\/ﬁ B
T — 6,

> C*)

o

o/\/n
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Solution (cont'd)

Note that
2
T=X ~ N(e, U)

T — 6y
YN ~ N(0,1)

A size « test satisfies

s e (7|2 ) =
o <Z/¢9‘0 ) -
Pr(Z>¢) = a
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Solution (cont'd)

Note that
2
T=X ~ N(e, U)

T — 6y
YN ~ N(0,1)

A size « test satisfies

sup Pr< > = o
0
T— 90 )
Pr = «
(-
Pr(|Z] > ¢ o

*)
Pr(Z> ")+ Pr(Z< —c")
March 26th, 2013 23 /33
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Solution (cont'd)

Note that
2
T=X ~ N(e, U)

T — 6y
YN ~ N(0,1)

A size « test satisfies

sup Pr< > = o
0
T— 90 )
Pr = «
(Erak
Pr(|Z] > ¢) o
Pr(Z>c")+Pr(Z< —c") =
T—6

= |——=| >
|‘ O_/\/ﬁfza/Q
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LRT with nuisance parameters

Problem
Xi,- X, 24 (6, 02) where both @ and o unknown. Between
Hy:0<60yand Hy : 6 > 0.

@ Specify Q and Qg

® Find size o LRT.
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LRT with nuisance parameters

Problem

Xi,- X, 24 (6, 02) where both @ and o unknown. Between
Hy:0<60yand Hy : 6 > 0.
@ Specify Q and Qg

® Find size o LRT.

| A\

Solution - €2 and €
Q = {(#,0%):0€R,0?>0}
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LRT with nuisance parameters

Problem

Xi,- X, 24 N(6,5?%) where both § and 2 unknown. Between
Hy:0<60yand Hy : 6 > 0.
@ Specify Q and Qg

® Find size o LRT.

| A\

Solution - €2 and €

Q = {(6,0°):0cR,0%>0}
Q = {(6,0%):0<6y0%>0}
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Solution - Size o LRT

SUD{(9,62):0<0y,02>0} L(Q’ 02|X)
SUDP{(9,52):0cR,02>0} L(6,02|x)
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Solution - Size o LRT

SUD{(9,62):0<0y,02>0} L(Q’ 02|X)
SUDP{(9,52):0cR,02>0} L(6,02|x)

Ax) =

For the denominator, the MLE of # and o2 are
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Solution - Size o LRT

SUP{(6,02):0<6¢,02>0} L(G, o’ |X)

Ax) =
( ) SUP{(9,02):0eR,02>0} L(ev 02|X)

For the denominator, the MLE of # and o2 are
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Solution - Size o LRT

SUP{(6,02):0<6¢,02>0} L(G, o’ |X)

Ax) =
( ) SUP{(9,02):0eR,02>0} L(ev 02|X)

For the denominator, the MLE of # and o2 are

=X
2 _ S(X=X)? _ n-1p2

Q ™

For numerator, we need to maximize L(,0?|x) over the region 6 < 6y and
2
o> 0.
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Solution - Size o LRT

SUD{(9,62):0<0y,02>0} L(Q’ 02|X)
SUDP{(9,52):0cR,02>0} L(6,02|x)

Ax) =

For the denominator, the MLE of # and o2 are

=X
2 _ S(X=X)? _ n—1 2
= n =7

Q ™

For numerator, we need to maximize L(,0?|x) over the region 6 < 6y and

a2 > 0.
L0, 0%x) = ( ﬂ%)"@{p {_Z:g;—@)z}
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Solution - Maximizing Numerator

Step 1, fix o2, likelihood is maximized when Y"7 | (z; — 0)? is minimized
over 0 < 6.
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Solution - Maximizing Numerator

Step 1, fix o2, likelihood is maximized when Y"7 | (z; — 0)? is minimized
over 0 < 6.
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Solution - Maximizing Numerator (cont'd)

Step 2 : Now, we need to maximize likelihood (or log-likelihood) with
respect to o2 and we substitute 6 for 6.
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Solution - Maximizing Numerator (cont'd)

Step 2 : Now, we need to maximize likelihood (or log-likelihood) with
respect to o2 and we substitute 6 for 6.

> (i — 6o)*

j 2 n 2
I0,0%x) = -5 (log 27 + logo”) — 52
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Solution - Maximizing Numerator (cont'd)

Step 2 : Now, we need to maximize likelihood (or log-likelihood) with
respect to o2 and we substitute 6 for 6.

j 2 n 2 > (@i — 0o)?
I0,0%x) = -5 (log 27 + logo”) — ez
Ologl "y S (x5 — 6p)? _0
do2 202 2(02)2
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Solution - Maximizing Numerator (cont'd)

Step 2 : Now, we need to maximize likelihood (or log-likelihood) with
respect to o2 and we substitute 6 for 6.

j 2 n 2 > (@i — 0o)?
I0,0%x) = -5 (log 27 + logo”) — ez
dlogl _  n_ S (x5 — 6p)? _0
do2 202 2(02)2
65 = Z?I(Z_ 0o)

Combining the results together

1 if z< 6y
A(X) = ~9

(%g)”/? it 7> 0
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Solution - Constructing LRT

LRT test rejects Hy if and only if 7> 6y and
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Solution - Constructing LRT

LRT test rejects Hy if and only if 7> 6y and
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Solution - Constructing LRT (cont'd)

= 2
n(m - 00) > Kok
Y(wi—m)? —
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Solution - Constructing LRT (cont'd)

n(i;— (90)2

S@-77

T — 90 > *xk

sx/V/n

c**
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Solution - Constructing LRT (cont'd)

n(i;— (90)2

S@-77

T — 90 > *xk

sx/V/n

c**
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Solution - Constructing LRT (cont'd)

n(i;— (90)2
>o(zi—2)?
T — 90 *xk

>

sx/V/n

. c T—6g Hokok
LRT test reject if P >c

The next step is specify ¢ to get size o test (omitted).

c**
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@00

Unbiased Test

Definition
If a test always satisfies
Pr(reject Hy when Hy is false ) > Pr(reject Hy when Hj is true )
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Unbiased Test
@00

Unbiased Test

Definition

If a test always satisfies

Pr(reject Hy when Hy is false ) > Pr(reject Hy when Hj is true )

Then the test is said to be unbiased
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Unbiased Test

Definition

If a test always satisfies
Pr(reject Hy when Hy is false ) > Pr(reject Hy when Hj is true )

Then the test is said to be unbiased

Alternative Definition

Recall that 5(0) = Pr(reject Hp). A test is unbiased if
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Unbiased Test
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Unbiased Test

Definition
If a test always satisfies
Pr(reject Hy when Hy is false ) > Pr(reject Hy when Hj is true )

Then the test is said to be unbiased

Alternative Definition

Recall that 5(0) = Pr(reject Hp). A test is unbiased if
B(6") = B(9)
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Unbiased Test
@00

Unbiased Test

Definition
If a test always satisfies
Pr(reject Hy when Hy is false ) > Pr(reject Hy when Hj is true )

Then the test is said to be unbiased

Alternative Definition

Recall that 5(0) = Pr(reject Hp). A test is unbiased if
B(6") = B(9)

for every 0’ € Qf and 0 € €.
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Unbiased Test
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EE

Xy, X, 2 (0, 02) where ¢ is known, testing Hy : 0 < 6 vs

Hy: 0> 0.
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Unbiased Test
oeo

EE

le"'7Xni.i.’-\d’.
Hy: 0> 0.

LRT test rejects Hy if 5/_% > c.

(0, 02) where ¢ is known, testing Hy : 0 < 6 vs
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Unbiased Test
oeo

EE

le"'7Xni.i.’-\d’.
Hy: 0> 0.

LRT test rejects Hy if 5/_% > c.

B(6) = Pr (X_go >c>

(0, 02) where ¢ is known, testing Hy : 0 < 6 vs

o/v/n
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Unbiased Test
oeo

EE

le"'7Xni.i.’-\d’.
Hy: 0> 0.

LRT test rejects Hy if 5/_% > c.

0 = (G

_ X—0+6—6
‘Pr( NG >C>

(0, 02) where ¢ is known, testing Hy : 0 < 6 vs
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Unbiased Test
oeo

EE

X1, , X, i N(6,0%) where o2 is known, testing Hy : 6 < 6 vs
Hy: 0> 0. B
LRT test rejects Hp if 292 > .

o/Vn
0 = (G

(I
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Unbiased Test
oeo

EE

X1, , X, i N(6,0%) where o2 is known, testing Hy : 6 < 6 vs
Hy: 0> 0. B
LRT test rejects Hy if ;f/_% > c.
X — 09
= P
w0 = ve(G72>)
_ b X—0+6—6
a o/vn
X—60 6-6,
= m(Cat )
X—0 Oy — 0
= P
' (o/ﬁ Tt a/ﬁ)
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Unbiased Test
oeo

EE

ii.d.

X1, , Xn =< N(0,0?) where 02 is known, testing Hy : 6 < 6 vs
H1.9>90. B
LRT test rejects Hy if ;f/_% > c.
X -6
= P
o) = pe(ZE o)
X—0+6—106
= P
( o )
X—-0 6-6
- m (St
X—-0 00—9>
= Pr >c+
<U/f o/vn

Note that X; ~ N'(0,02), X ~ N'(0,0%/n), and = /f ~ N(0,1).
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Example (cont'd)

Therefore, for Z ~ N(0,1)

BO) = Pr(Z> C+i0/?ﬁz>
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Unbiased Test
ooe

Example (cont'd)

Therefore, for Z ~ N(0,1)

BO) = Pr(Z> C+i0/?ﬁz>

Because the power function is increasing function of 6,

o) = B(0)
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Unbiased Test
ooe

Example (cont'd)

Therefore, for Z ~ N(0,1)

BO) = Pr(Z> C+i0/?ﬁz>

Because the power function is increasing function of 6,

o) = B(0)

always holds when 6 < 6y < ¢'. Therefore the LRTs are unbiased.
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Summary

= Examples of LRT

= |RT based on sufficient statistics
= LRT with nuisance parameters

= Unbiased Test
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Summary

= Examples of LRT

= |RT based on sufficient statistics
= LRT with nuisance parameters

= Unbiased Test

= Uniformly Most Powerful Test
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